In this paper, using the idea of Gibbons and Werner, we apply the Gauss-Bonnet theorem to the optical metric of the non-rotating and rotating Damour-Solodukhin wormholes spacetimes to study the weak gravitational lensing by these objects. Furthermore, we study the strong gravitational lensing by the non-rotating Damour-Solodukhin wormholes using the Bozza's method to see the differences between the weak lensing and the strong lensing. We demonstrate the relation between the strong deflection angle and quasinormal modes of the Damour-Solodukhin wormholes. Interestingly it is found that the wormhole parameter λ, affects the deflection of light in strong and weak limits compared to the previous studies of gravitational lensing by Schwarzschild black holes. Hence, the results provide a unique tool to shed light on the possible existence of wormholes.
I. INTRODUCTION
Einstein-Rosen (ER) bridge is a consequence of Einstein's theory of relativity similarly to black holes. The ER equation glues to distant points of spacetime. This was firstly introduced by Einstein and Rosen in 1935 and then ER are refereed to as a wormhole [1] . On the other hand, Morris and Thorne in 1988 showed that constructing traversable wormhole solution is also possible, however it costs to necessity of exotic matter [2, 3] . Afterwards, many physicists are inspired by the MorrisThorne paper, study wormholes in different aspects .
To detect the wormholes, a possible method is the application of optical gravitational lensing. The gravitational lensing by wormholes was studied widely in the literature of astrophysics as well as theoretical physics [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] . In this article, we use new approach, which is found by Gibbons and Werner, to calculate weak gravitational lensing [60] [61] [62] . The Gibbons and Werner method (GWM) use the Gauss-Bonnet theorem (GBT) to calculate gravitational lensing that shows its global properties. The gravitational lensing effect, either in the weak gravitational field or in the strong gravitational field, it always requires the null geodesic equations. GWM demonstrates that when the GBT is used within the optical metric, the deflection angleα can be * ali.ovgun@pucv.cl; http://www.aovgun.com calculated by [62] 
where dσ is an areal element, K is the Gaussian curvature of the optical metric. There have been several recent works on the gravitational lensing by blackholes/wormholes using the GBT [29, [34] [35] [36] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] .
Here, the main aim of the paper is to show that GBT is valid for the calculating weak gravitational lensing by Damour-Solodukhin wormholes (DSW) which are the static Schwarzschild-like wormholes solution recently found by Damour and Solodukhin in [4] and then rotating Kerr-like case is found by Bueno et al. in [5] . Moreover, we try to show the deflecting angle how much is shifted according to the parameter λ from the Schwarzschild/Kerr black holes. Moreover recently, it is shown that there is a relation between the strong gravitational lensing and the quasinormal modes (QNMs) in the context of black holes [75] . For this purpose, we study the strong gravitational lensing by DSW using the method of Bozza [76] who showed that the logarithmic divergence of the deflection angles at photon sphere exits and we show the relation of deflection angle with QNMs in strong regime.
The organization of the paper is as follows. In section 2 we briefly summarize the DSW, then we present the calculations of the weak gravitational lensing using the GBT and we calculate the strong gravitational lensing by the DSW. In section 3, we briefly give information about the rotating DSW and calculate the deflection angle using the GBT. We conclude the paper in section 4.
II. DAMOUR-SOLODUKHIN WORMHOLE
In this section, we consider the static Schwarzschildlike wormhole solution, namely DSW [4] with metric: 
where
and h(r) = r 2 .
In the next subsection, we will study the weak gravitational lensing using the Gauss-Bonnet theorem, and obtain the deflection angle in weak limits.
A. Weak gravitational lensing by Damour-Solodukhin wormhole using the Gauss-Bonnet Theorem
To calculate the deflection angle by DSW using the GBT [62] , we use the equatorial plane θ = π/2, dθ = 0 without losing generality, due to the spherical symmetry, and the 2.2 spacetime reduces to orbital plane of light rays:
Using the two constants of motion in an affine parameter (λ):
where E and L, are the energy and the angular momentum, respectively. Then one can derive the another constant namely, impact parameter b = E/L as follows:
and the following relation is obtained
r 2 . To define the optical metricḡ ij which is also known as the optical reference geometry M opt , we use the fact that each light ray satisfies the equation for null geodesics ds 2 = 0, and the the optical metricḡ ij is written as follows:
Afterwards, we use the slice of the constant time t of the Eq. (2.4), and we obtain a spatical part of spacetime in two-dimension curved subspace M sub as follows:
After using the conformal transformation with conformal factor ω 2 (x) between Eq.s (2.7) and (2.8):
It is noted that the conformal factor ω 2 (x) =
and it does not change the condition of null geodiscs.
It should be noticed that on the optical reference geometry M opt , t plays the role of an arc length parameter because
where the unit tangent vector k i of light ray paths on M opt as k i = dx i dt with the unit vector condition 1 =ḡ ij k i k j . Hence the GBT can be used on the optical reference geometry M opt as follows:
where D R is a non-singular domain outside the light ray, within boundary ∂D R = γg ∪ C R , κ stands for the geodesic curvature, K is used for the Gaussian curvature of optical metric, θ i is the exterior jump angles at the i th vertex, and χ(D R ) = 1 is the Euler characteristic number.
The geodesic curvature κ can be calculated with the following equation for the unit speed conditioñ g(γ,γ) = 1:
When R goes to infinity R → ∞, the summation of the jump angles ∑ i θ i are calculated as π for the the source S, and observer O. Then the GBT is written as follows:
where the K is the Gaussian curvature (gives information about how surface is curved) and the K is defined as follows:
(2.14)
Then the Gaussian curvature for the optical metric of DSW in 2.7 is calculated:
(2.15) The Gaussian curvature in 2.15 reduces to in this form up to leading orders:
Afterwards, we calculate the geodesic curvature κ which shows how far the curve C R deviates from the geodesic, using the following equation:
Note that if the trajectory of light ray γ is geodesic, the geodesic curvature is zero κ(γ) = 0 so that we can choose C R := r(φ) = R = const. At R goes to ∞, the geodesic curvature κ reduces to
Additionally, at R goes to ∞, optical metric also goes to:
We can define the trajectory of γ (the light ray ) where it is r = b/ sin ϕ, and the deflection angle by the DSW can be calculated using the GBT as follows: 20) where dσ = det |ḡ|drdφ is an areal element and the
Using the Gaussian curvature K Eq. (2.16) into the above integral, the deflection angle by DSW within the leading order terms (weak lensing) is calculated as follows:α
The deflection angle by DSW is increased with the ratio of the parameter λ as seen in the Eq. 2.21 with compared to Schwarzchild black hole [62] .
B. Strong deflection limit of Damour-Solodukhin wormhole and its relation with QNMs
Using the Bozza's procedure [76] , we study the strong gravitational lensing (SGL) of the DSW in the case of photons passing very close to the photon sphere, with radius r m . We use the assumption (θ = π/2), with the light ray's trajectorẏ 22) where "dot" is for the derivative respect to an affine parameter. Note that the conserved energy is E ≡ f (r)ṫ > 0 whereas the angular momentum defined as L ≡ r 2 (r)φ in Eq. 2.5. From the null circular orbit, we can find by the largest positive solution of the equation,
Using the Eq. (2.23), it is found that r m = 3M and r m > r throat is satisfied. Moreover, light ray is deflected from the closest approach distance of the photon r c smaller than r so that this condition should be considered where the light ray is supposed to come from infinity and deflect by DSW. Using the conservation of the angular momentum, the closest approach distance r c which is related to the impact parameter is calculated as
After we use the definition of the critical impact parameter u cr at strong deflection limit r c → r m or u → u m as
we obtain :
Then we calculate the exact deflection angle α for the DSW as follows:
where I(r c ) is calculated by
Note that when u decreases, the bending angle α increases that the light rays encircle the DSW completely till 2π. At r c = r m due to u = u m the photon will be trapped inside an orbit. As it diverges in the SGL u → u m or r c → r m , we rewrite the deflection angle in this form which is used for ultrastatic spacetimes: , where D is the distance between the lens D OL and the observer. Then the strong field limit of the deflection angle can be calculated as follows:
where expression for I(r m ) can be found in [76] (only solve numerically). Note that prime denotes the derivative with respect to the radial coordinate r. Moreover, all the information about the SGL is encoded intoā and b.
Then we find the relation with the QNM of BIBHs [75] :
with speed of light c. The parameter Λ which appears in the imaginary part is the Lyapunov exponent which determines the instability timescale of the orbit. Then the simple relation can be written as follows:
The other important relation is the coordinate angular velocity with the impact parameter of the lens
After using the equations (2.36) and (2.37), it is easily observed that
III. ROTATING DAMOUR-SOLODUKHIN WORMHOLE
In this section, we have briefly describe rotating Damour-Solodukhin wormhole spacetime. The Kerrlike wormhole metric is constructed using the method of Damour and Solodukhin [5] :
Note that the M is the mass and the aM stands for the angular momentum. For the case of λ 2 = 0, we can recover the Kerr metric, on the other hand, for nonvanishing λ 2 , the structure of the spacetime is totally changed. We have calculated the positive root of∆: r + = (1 + λ 2 )M + M 2 (1 + λ 2 ) 2 − a 2 that gives special surface, but not the surface of the event horizon, and the throat of the wormhole is located at r = r + . For the non vanishing values of the λ = 0, the Kerr-like wormhole is constructed and its QNMs are recently studied in [5] . Now, we will study the weak gravitational lensing by rotating DSW using the Gauss-Bonnet theorem, and obtain the deflection angle in weak limits.
A. Deflection angle of rotating Damour-Solodukhin Wormhole
Here, we rewrite the rotating DSW by using the equatorial plane θ = π/2, to study the deflection angle:
with
Using the method of Werner [60] that used the GBT for stationary spacetimes by transforming into the Finsler-Randers type metric of the general form:
Hereḡ ij is the Riemannian metric, with the condition (ḡ ij η i η j < 1) and η i is the one-form. For stationary spacetimes optical geometry from the null geodesics (ds 2 = 0) are calculated by using Finsler geometry F so that one can use dt = F (x, dx), and the Fermat's principle is found as follows:
where the rotating DSW-Randers optical metric is obtained as:
Note that the Randers metrics are among the simplest Finsler metrics. Then we use the Nazim's method to the Finsler metrics to construct Rimennian manifold when the Hessian
where x ∈ M, v ∈ T x M, that (M,ḡ) osculates the rotating DSW-Randers manifold (M, F ). After the vector fieldv tangent to the geodesic γ F is chosen asv(γ F ) = x, the Hessian reduces tō
It is noted that the geodesic of the Randers manifold γ F is also a geodesic γḡ of (M,ḡ) ( γ F = γḡ):
Choosing the nonsingular region S R ⊂ M that is bounded by γ F light ray and γ R within R (radial distance). At the asymptotically flat limits, the equation for the light rays with the impact parameter b is chosen as follows:
The corresponding vector fields according to the equation of the light ray are:
14) Here we use the straight line approximation, where the deflection angle is calculated in leading order terms so that the vector field is ruled with the r γ light ray. Then, we derive the non-zero components of the metric using the Eq.s (3.10), and (3.14):
16)
The total deflection angle is found
where the positive sign stands for a retrograde light rays and negative sign is for the prograde light rays [60] . Note than for the λ = 0, the deflecting angle of the Kerr black hole is recovered.
IV. CONCLUSIONS
In summary, the observation of wormholes by studying the gravitational lensing is one of the most effective way to testify them in the universe.
For this purpose, first, we have explicitly calculated the deflection angle of the light by DSW in the weakfield limit using the method developed by Gibbons and Werner.
Second, we have studied the strong gravitational lensing using the method of Bozza, and show the relation of the strong deflection angle with its QNMs. Last, we have briefly described the Damour-Solodukhin wormhole in a rotating Kerr-like black hole spacetime and studied the weak gravitational lensing using the GBT.
The significant of this result is that the deflection of a light ray is calculated by outside of the lensing region which means that the effect of the gravitational lensing is a global effect such that there are more than one light ray converging between the source and observer. Hence, we are able to find accurately deflecting angle in weak-field limits. We finally conclude that the deflection angle by the DSW is increased with the DS wormhole parameter of λ.
With regards to future work, it would be interesting to see whether this approach could also be extended to the other compact objects and also see whether there is an effect of dark matter on the deflection angle. A careful studies on the gravitational lensing and also gravitational waves with QNMs may shed some light on possible signature of the existence of the wormholes.
